An introduction to analytic platforms for inertial guidance by Lowry, J. L.
ELECTRICAL 
I -  
I ’  
I 
I 
1 
I (TWRUI 0 IL / 
L / 
IPAQESI 
(CATEQORYI 
I 
An Introduction To Analytic 
Platforms For Inertial Guidance 
PREPARED BY 
ADVANCED STUDIES GROUP 
AUBURN UNIVERSITY 
1. 1. LOWRY, PROJECT LEADER 
C :0NTRA 
AU 
GPO PRICE S 
CFSTl PRICE(S) S 
Hard copy (HC) 
Microfiche (MF) 
ff 653 July 65 
CT-NAS 8- 20004 
GEORGE C. MARSHALL SPACE FLIGHT CENTER 
NATIONAL AERONAUTICS & SPACE ADMl NlSTRATlON 
HUNTSVILLE, ALABAMA 3581 2 
BURN RESEARCH FOUNDATION 
AUBURN UNIVERSITY 
AUBURN, ALABAMA 
TECHNICAL REPORT 
APRIL 1966 
https://ntrs.nasa.gov/search.jsp?R=19660017409 2020-03-16T19:15:37+00:00Z
I - -  
I- 
i 
I 
I 
L 
AN INTRODUCTION TO ANALYTIC 
PLATFORMS FOR INERTIAL NAVIGATION 
Prepared by 
ADVANCED STUDIES GROUP 
AUBURN UNIVERSITY 
J. L. Lowry, Project Leader 
TECHNICAL REPORT 
A p r i l  1966 
C o n t r a c t  - NAS8-20004 
George C. Marsha l l  Space F l i g h t  Center  
N a t i o n a l  Aeronaut ics  and Space Admin i s t r a t ion  
H u n t s v i l l e ,  Alabama 35812 
APPROVED BY: SUBMITTED BY: 
- 
C .  H. Holmes, Head Professor 
E lec t r  i c a  1 Engineer ing  
Department Department 
E l e c t r i c a l  Engineer ing  
. __- 
I 
TABLE OF CONTENTS 
I 
I 
I 
C 
I 
LIST OF SYMBOLS ............................................... 
LIST OF FIGURES ............................................... 
FOREWORD ...................................................... 
SUMMARY ....................................................... 
PERSONNEL ..................................................... 
I . INTRODUCTION ............................................ 
A . S t a b i l i z e d  P la t fo rm ................................. 
B . A n a l y t i c  P la t fo rm ................................... 
I1 . GYROSCOPIC SENSORS ...................................... 
A . Opera t ion  ........................................... 
B . Quan t i za t ion  ........................................ 
111 . TRANSFORMATION MATRIX ................................... 
A . I n t r o d u c t i o n  ........................................ 
B . R o t a t i o n a l  Mat r ix  ................................... 
1 . D i r e c t i o n  Cosines  ............................... 
2 . Eule r  Three Angles .............................. 
3 . 
4 . Four Parameters  ................................. 
APPENDIX A . MATRIX OPERATIONS ................................ 
APPENDIX B . NUMERICAL INTEGRATION ............................ 
APPENDIX C . ORTHOGONAL MATRIX ................................ 
APPENDIX D . COORDINATE SYSTEMS ............................... 
Eule r  Four Angles ............................... 
ii 
i v  
v i i  
v i i i  
ix  
X 
1 
1 
6 
9 
11 
17 
2 1  
2 1  
2 1  
24 
29 
36 
41 
58 
65 
7 1  
73 
I -  
I -   
REFERENCES ................................................... 
SELECTED BIBLIOGRAP HY. . . . . . . . . . . . . . . . . . . . . . . . . . - . . . . . . . . . . . . . .  
76 
78 
iii 
C 
I 
r 
I 
I 
i 
I 
I 
I 
I 
SYMBOL 
XS 
YS 
Z S  
XI 
YI 
ZI 
X '  
Y '  
Z '  
Y" 
z' ' 
--. 
n'. 
IA 
OA 
SA 
SRA 
LOS 
LIST OF SYMBOLS 
DEFINITION 
Vehicle-fixed coordinate system having the 
orientation as shown in Appendix D. 
Space-fixed coordinate system having 
the orientation as shown in 
Appendix D. 
Intermediate coordinate system having 
the same orientation as the space- 
fixed system. 
Auxiliary coordinate systems necessary 
to the derivation of some of the 
transformations. 
Vectors in the vehicle-fixed and 
space-fixed coordinate system. 
Input axis of S A R  or PIGA. 
Output axis of SAR or PIGA. 
Spin axis of SAR or PIGA. 
Spin reference axis of SAR or PIGA. 
Line of sight. 
iv 
I -  
I -  
i DE FIN I T  ION SYMBOL Direct ion cosine angles  
(n=l ,  2 ,  3). 
%l 
Bn 
7n 
Angular v e l o c i t i e s  of the  veh ic l e  
about the Xv, Yv, and &axes. ?X ?Y 
@ z  
9, Euler angles. 
Rates of change of the  
Euler angles. 
9X 
?Y 
Redundant four th  angle i n  E u l e r ' s  
four  angle method. 
90, 
The same a s  8, i n  Euler  three angles except 
t h a t  i t  i s  l imi ted  t o  a c e r t a i n  maximum 
value i n  E u l e r ' s  four  angles.  
I e,, Rate of change of the redundant four th  angle. 
Rotat ional  coordinate  system associated 
w i t h  the Euler parameters. 
Direct ion cosine angles def in ing  the  pos i t i on  
of X, with respec t  t o  the h, Yv, & coordinate  
system. 
a 
Y 
B 
Angular r o t a t i o n  about the Xr axis. 
Euler  parameters. 5 
3 
X 
Cayley-Klein parameters e l  
e2 
e 3  
e4 
Hamilton's quaternions.  S 
a 
b 
C 
I-  
I 
I 
I 
I 
I 
I 
I 
A 3x3 orthogonal matrix r e l a t i n g  space- 
fixed coordinates t o  vehic le - f ixed 
coordinates. 
Unit vectors  i n  the space-fixed and the 
vehic le - f ixed coordinate system. 
v i  
i 
I -  
I '  
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
LIST OF FIGURES 
I- l a .  A Three Gimbal Stable  Platform Showing t h e  Location 
of  the  Gyros and Accelerometers... . . .  .......... 3 
I- lb .  A Four Gimbal Stable Platform Showing the Location 
of t he  Gyros and Accelerometers... . . . . . . . . . . .  .. 4 
1-2. Simplif ied Block Diagram of the  S tab le  Platform 
I n e r t i a l  Navigation Method..................... 5 
1-3. Simplif ied Block Diagram of t h e  Analytic Platform 
I n e r t i a l  Navigation Method......... ............ 7 
11-1. Precession of a Rotating Body ...................... 10 
11-2. Simplif ied SAR and PIGA............................ 12 
1173. Simplif ied Drawing Showing Input-Output Rela t ions  
o f  a Typical Encoder........................... 18 
11-4. Simplif ied Drawing of  t he  Encoder Showing the  
Coded Discs and Photo-device f o r  Producing 
t h e  D i g i t a l  Output ............................. 19 
111-1. Vehicle-fixed and Space-fixed Coordinate 
Systems ........................................ 22 
I I I -2a ,b ,c .  Euler Angles ....................................... 31 
III-3a,b,a .  Transformations of Arb i t r a ry  Vector 'Ii Showing 
Euler  Angles ................................... 32 
D-1. Space-fixed Coordinate System.. .................... 74 
D-2. Vehicle-fixed Coordinate System .................... 75 
v i  i 
FOREWORD 
This is  a t echn ica l  r e p o r t  prepared by t h e  Advanced Studies  
Group, E l e c t r i c a l  Engineering Department, Auburn Univeris ty ,  toward 
f u l f i l l m e n t  of Contract  NAS8-20004 granted t o  Auburn Research 
Foundation, Auburn, Alabama. T h i s  con t r ac t  w a s  awarded January 19, 1965, 
and extended t o  January 18, 1966. It was f u r t h e r  extended t o  
Apr i l  18, 1966. 
v i i i  
SUMMARY 
I 
The concept of the analytic platform inertial navigation system is 
reviewed and a summary of the construction and operation of an ideal 
- Single Axis Reference and an ideal - Pendulous - Integrating GJKO Accelero- 
meter (SAR and PIGA) is made in Chapters I and 11. In Chapter 111, 
four different methods are presented that relate the vehicle coordi- 
nates to those of the inertial reference and the mathematics,that 
enable one to calculate these transformations from the angular rates 
of the vehicleyare presented. Matrix operations and numerical 
integration techniques are presented in Appendices A and B as a review 
and as an aid in the calculation of the rotational transformations. 
The orthogonality and normality conditions are presented in Appendix C. 
Appendix D contains the definition of the orientation of the space- 
fixed and vehicle-fixed coordinate systems. 
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I. INTRODUCTION* 
D. W. Kel ly  
I n e r t i a l  navigation* i s  concerned with the  knowledge of 
where a vehic le  i s  with respec t  t o  an i n e r t i a l l y - f i x e d  coordinate  
system. The only inputs  t o  a c l a s s i c a l  i n e r t i a l  navigat ional  device,  
o ther  than i n i t i a l  condi t ions of pos i t i on  and ve loc i ty ,  a r e  angular 
v e l o c i t i e s  and l i n e a r  acce lera t ions ,  which a r e  measured by s e l f -  
contained instruments on-board the vehic le .  The d e f i n i t i o n  of 
i n e r t i a l  navigat ion can be enlarged t o  include s t a r - t r acke r s ,  s ince  
t h e  l i n e  of s i g h t  (LOS) t o  a s t a r  i s  an i n e r t i a l  reference l i n e .  
A.  StzE?ilize.l plstform192,3,4 
The most common method of implementing an i n e r t i a l  navigat ion 
system u t i l i z e s  a s t a b i l i z e d  platform. The s table-platform o r  
s t a b l e - t a b l e  is  a device which h a s  the  a b i l i t y  t o  keep a s e t  of 
orthogonal measuring axes mechanically a l igned with a given set of 
i n e r t i a l  axes,  regard less  of the angular  movement of the vehic le .  This 
alignment i s  accomplished by means of a gimballing system, torquers ,  
servoloops and gyroscopes. 
* A l l  re fe rences  a r e  located a t  the  end of t he  r epor t .  
* I n e r t i a l  navigat ion i s  used on b a l l i s t i c  mi s s i l e s ,  space boosters ,  
tanks,  a i r c r a f t ,  spacecraf t ,  submarines, and is  proposed fo r  moon 
rover  veh ic l e s .  
1 
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Figure I-la shows a typical three gimbal platform layout with 
platform gimbals, gyroscopes, and accelerometers. Any angular motion 
of the innermost platform gimbal is sensed by the gyros. Sensors on 
the gyros provide a signal that is fed to the torque motors, which in 
turn maintain the space-fixed position of the inner gimbal. The 
accelerometers mounted on the inner gimbal sense the translational 
acceleration of the vehicle in the space-fixed coordinate system (the 
coordinate system of the inner gimbal). 
The guidance computer uses the outputs of the accelerometers, 
along with the initial values of velocity and position, to calculate 
the instantaneous velocity and position of the vehicle relative to the 
inertially-fixed coordinate system. Figure 1-2 shows a simplified 
block diagram of the system-. 
This is an excellent system inasmuch as it accomplishes its 
purpose to a high degree of accuracy, but it has disadvantages. 
necessity the platform and gimballing arrangement is spherical, which 
does not lend itself to economical packaging. It is rather heavy 
and requires a large power supply for the torque motors. It also 
has an operational limitation due to gimbal lock, a condition in 
which all of the gimbal planes are coplanar, leaving the inner gimbal 
with only two degrees of freedom. If, under this condition, a rotation 
is attempted about an axis perpendicular to this plane, the inner 
By 
3 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
N 
4 
i I 0 ct. >+ 
I 
I -  
C -  
I 
e 
' X  
5 
I- 
*$.( 
I 
1 I Y 
'V 
0 
I 
I 
(u 
I 
H 
M 
d r& 
6 
gimbal is  forced t o  move about t h i s  perpendicular ax i s .  Gimbal lock 
can be el iminated by the  in t roduct ion  of  a redundant gimbal, and by 
l i m i t i n g  t h e  movement of one gimbal so t h a t  the  condi t ion of coplanar 
gimbal planes cannot e x i s t .  Figure I - l b  is  a t y p i c a l  four-gimbal 
system. 
Because of these  disadvantages, i t  would be des i r ab le  t o  r ep lace  
t h e  present  system with a system t h a t  would el iminate  the  platform, 
thereby removing the  bulky spher ica l  gimballing arrangement and the  
l a rge  power supply. 
the  same opera t ions  a s  the  s t a b l e  platform with the  same degree of 
accuracy. The a n a l y t i c  platform discussed i n  the next s ec t ion  i s  a 
system proposed f o r  t h i s  purpose. 
The new system must be capable of performing 
5,6,7,8,9 R. Analytic Platform 
The remainder of t h i s  repor t  i s  a s tudy of  a system i n  which 
t h e  mechanically s t a b l e  platform i s  replaced by an a n a l y t i c  platform. 
The sensors  a r e  mounted d i r e c t l y  t o  the  vehic le  and t h e i r  outputs  a r e  
f ed  i n t o  a coordinate  transformation computer. Figure 1-3 i s  a 
s impl i f i ed  block diagram of the  a n a l y t i c  platform system. 
of t h r e e  of t h e  sensors  a r e  QX, Qy, and Qz, which a r e  the  angular r a t e s  
of the  veh ic l e  with respec t  t o  t h e  vehicle-f ixed coordinate  system. 
The outputs  
0 .  
These outputs  a r e  used t o  generate a matr ix  t h a t  can i n  t u r n  be used 
t o  transform the  l i n e a r  acce le ra t ion  sensor outputs  from the  veh ic l e  
7 
C 
0 
h 
k 
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coordinate system to the space-fixed coordinate system. 
from the coordinate transformation computer are the same as the 
outputs of the stable platform system, hence the name "analytic 
platform system". 
stable platform systems, as can be seen from a comparison of Figures 
1-2 and 1-3. 
The outputs 
The remaining operations are the same as in the 
Although the removal of the stable platform from the navigation 
system eliminates some disadvantages, it introduces others. This 
report is concerned with the problems of implementing the analytic 
platform. 
c i 
11. GYROSCOPIC SENSORS 
C .  L. Connor, D. W. Kelly, and J. L. W r y  
A gyroscope may be defined broadly a s  a body r o t a t i n g  a t  a high 
angular  v e l o c i t y  about an a x i s  which is  ca l l ed  i t s  sp in  a x i s .  The 
r o t a t i n g  body has the  property of r e s i s t i n g  any e f f o r t  t o  change the  
d i r e c t i o n  of i t s  sp in  ax i s ,  thus providing a reference from which 
e i t h e r  angular displacements o r  angular r a t e s  may be measured. 
opera t ion  of a gyroscope is  based on the  following p r inc ip l e s  of 
gyrodynamics: 
1. 
2.  
The 
The gyro sp in  a x i s  tends t o  remain f ixed i n  space. 
When a torque is applied t o  the  gyro, a precession o r  angular 
r a t e  r e s u l t s .  This precession is  a r o t a t i o n  about an a x i s  
orthogonal t o  both the  gyro sp in  a x i s  and the  torque vec tor .  
The precession continues u n t i l  the  torque i s  removed o r  u n t i l  
the  sp in  vector  becomes a l igned  wi th  the  torque vec tor .  
Precession of a r o t a t i n g  body i s  shown i n  Figure 11-1. 
There a r e  many d i f f e r e n t  types of gyroscopes which a r e  usua l ly  
c l a s s i f i e d  according t o  construct ion.  This chapter  w i l l  d i scuss  an 
i d e a l  f l oa t ed - type  gyroscope known a s  a Single  Axis Reference. It 
w i l l  a l s o  include a discuss ion  of t he  s p e c i a l  construct ion of a 
f loa ted- type  gyroscope f o r  the  purpose of measuring acce lera t ion .  
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10 , l l  A. Operation 
The S i n g l e  Axis Reference (SAR) is  a device which measures angular 
displacement about a s i n g l e  reference a x i s  through the  center  of t he  
device.  The SAR maintains t h i s  reference by means of  the  p r i n c i p l e s  of  
gyrodynamics. 
The SAR's cons t ruc t ion  i s  shown i n  Figure 11-2 and is centered around 
t h e  gyro wheel o r  r o t o r .  The gyro wheel, due t o  i t s  very nea r ly  constant ,  
high angular momentum, e s t ab l i shes  the  gyroscopic e f f e c t s  exhibi ted 
by the  gyro. The gyro wheel i s  bearing mounted t o ,  and i s  sealed in s ide  
o f ,  the  inner  cy l inder  of the SAR. The inner  cy l inder  of t he  SAR is 
suspended i n  a very nea r ly  f r i c t i o n l e s s  gas bear ing in s ide  the  outer  
cyl inder"  of t he  SAR. The outer  cy l inder  is  mounted by t runion  bearings 
t o  the  housing, and i s  f r e e  t o  turn  about the  input  a x i s  I A  (see 
Figure 11-2). 
cy l inde r  and i s  posi t ioned so t ha t  i t  i s  s e n s i t i v e  t o  angular d i s -  
A n u l l  p o s i t i o n  pickoff device i s  mounted t o  the  outer  
placements of the  inner  cy l inder  with respec t  t o  a predetermined n u l l  
p o s i t i o n  between the  inner  and outer  cy l inders .  
i s  mounted i n  the  housing and can torque t h e  ou te r  cy l inder  about 
I A ,  producing a torque vec tor  along I A .  Also mounted along IA i s  
an  encoder, a device t h a t  measures t h e  r e l a t i v e  angular  displacement 
between the  housing and t h e  outer  cy l inder .  
A torque motor ( torquer)  
The encoder i s  described 
i n  the  next s ec t ion .  
*he inner  cy l inder  and ou te r  cyl inder  a r e  sometimes r e f e r r e d  t o  a s  t h e  
f l o a t  and case r e spec t ive ly .  
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To understand the opera t ion  of an  i d e a l  SAR, consider i t s  
r e a c t i o n  t o  angular motion of the  housing about t he  th ree  axes, IA, 
OA and the  sp in  re ference  ax i s .  In t h i s  d i scuss ion  i t  is  assumed t h a t  
t he  housing of the  SAR i s  mounted t o  a heavier  body whose motion w i l l  
no t  be a f f ec t ed  by the  output of  the torque motor of the  SAR. 
I f  t he re  i s  an angular motion of the  housing about IA, t he  ou te r  
cy l inde r  w i l l  remain f ixed wi th  respect  t o  the sp in  a x i s  and the  
housing w i l l  move f r e e l y .  I f ,  due t o  f r i c t i o n  o r  drag, the ou te r  
cy l inder  i s  torqued by the  movement of  the  housing,then the  gyro wheel 
and the  inner  cy l inder  w i l l  precess about OA. This precession w i l l  
be sensed by the  n u l l  pos i t i on  pickoff mounted a t  t he  end of the  inner  
cy l inde r .  The pickoff  produces an e l e c t r i c a l  s i g n a l  propor t iona l  t o  
the  angle  sensed. This s i g n a l  i s  amplif ied,  compensated, and fed  t o  
t h e  torquer  which produces a torque on the  outer  cy l inder  about IA.  
This torque w i l l  oppose exac t ly  the o r i g i n a l  torque due t o  f r i c t i o n ,  
thus  compensating for f r i c t i o n .  The movement of the  housing wi th  
r e spec t  t o  the outer  cy l inder  w i l l  be sensed by the encoder and the  
encoder w i l l  g ive an output from the S A R .  
I f  t h e r e  i s  an angular  motion of t he  housing about OA, t he  outer  
cy l inde r  w i l l  move wi th  the  housing, while  the  inner  cy l inder  w i l l  
remain f ixed.  The angular  displacement of t he  ou te r  cy l inder  with 
r e spec t  t o  the  inner  cy l inder  w i l l  be sensed by the  n u l l  p o s i t i o n  
p ickoff  and an e l e c t r i c a l  s i g n a l  w i l l  be generated.  This s i g n a l  i s  
ampl i f ied ,  compensated and fed to  the  torquer  which produces a torque 
on the  ou te r  cy l inder  about I A .  This torque causes t h e  gyro wheel and 
I -  
I’ 
I 
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t h e  inner  cy l inder  t o  precess  about the OA, and t o  follow t h e  angular 
motion of the  housing. The alignment of t he  inner  and ou te r  cy l inders  
wi th  respec t  to the  housing w i l l  remain the  same, and t h e  encoder w i l l  
no t  give an output.  
If the re  is an angular motion of t he  housing about t he  sp in  
a x i s ,  both the  outer  cy l inder  and the inner  cy l inder  w i l l  move wi th  
t h e  housing. 
and the  housing wi th  respec t  t o  each o the r  w i l l  remain the  same, and 
t h e  encoder w i l l  not give an output.  
The alignments of t he  inner  cyl inder ,  the  outer  cy l inder  
T rans l a t iona l  motion o r  acce lera t ion  w i l l  not e f f e c t  t he  output  
of t h e  SAR,  s ince  i t  is  designed with the  center  o f  mass of  the  gyro 
wheel, and the  center  of mass of the  inner  and outer  cy l inders ,  located 
a t  t h e  i n t e r s e c t i o n  of IA, OA and the sp in  re ference  axis. The forces  
a c t i n g  on the  gyro wheel and ou te r  cyl inder  due t o  t r a n s l a t i o n a l  
acce le ra t ion  w i l l  always produce zero torque, and, therefore ,  w i l l  not  
cause an angular motion of any p a r t  of the  S A R .  
The only motion of t he  SAR tha t  w i l l  produce an output from the  
encoder i s  angular motion about IA. 
a x i s  re ference  t h a t  measures angular displacement of the  housing about 
i t s  input  ax i s ,  and i t s  output  i s  unaffected by any o the r  motion, 
t r a n s l a t i o n a l  o r  r o t a t i o n a l .  
Therefore, t he  SAR i s  a s i n g l e  
The gendulous - In t eg ra t ing  5 r o  Accelerometer (PIGA) is  a device 
which measures t r a n s l a t i o n a l  acce lera t ion  along an  a x i s  through t h e  
c e n t e r  of  the  device. The construct ion of  a PIGA i s  the same a s  t h a t  
of a SAR (see Figure 11-2), except t h a t  i t  has an asymmetrical cons t ruc t ion  
15 
t h a t  s h i f t s  the  cen te r  of  mass of the gyro wheel along i t s  sp in  a x i s  a 
s p e c i f i c  d i s tance  from the  in t e r sec t ion  of IA, OA and the  sp in  axis. 
To understand the  opera t ion  of  an i d e a l  PIGA, consider i t s  r eac t ion  
t o  t r a n s l a t i o n a l  acce le ra t ion  along the t h r e e  axes, IA, OA and t h e  sp in  
re ference  ax i s .  Again, as i n  the  discussion of the  SAR, it i s  assumed 
t h a t  t h e  housing o f  the  PIGA is  mounted t o  a heavier  body whose motion w i l l  
no t  be a f f ec t ed  by the  output of t he  torque motor of t h e  PIGA. 
I f  t he re  i s  a t r a n s l a t i o n a l  acce le ra t ion  along IA, the  gyro wheel 
w i l l  experience a torque about OA due t o  the  force  of acce le ra t ion  
a c t i n g  on the  pendulous mass of the  inner  cyl inder .  
OA w i l l  cause the  o u t e r  cy l inder  t o  precess  about IA a t  an angular 
r a t e  t h a t  i s  propor t iona l  t o  the  torque produced by t h e  acce lera t ion ,  
and, therefore ,  p ropor t iona l  t o  the  acce lera t ion .  F r i c t ion ,  o r  drag, 
between the  housing and t h e  ou te r  cyl inder  is  compensated f o r  i n  the  same 
manner a s  i n  the  SAR. The output of the  encoder i s  a measure of  the  
angular  displacement between the  housing and t h e  ou te r  cyl inder ,  and 
w i l l  be propor t iona l  t o  the  i n t e g r a l  of t he  acce lera t ion .  
This torque about 
I f  t h e r e  i s  a t r a n s l a t i o n a l  acce le ra t ion  along OA, the gyro 
wheel w i l l  experience a torque about IA. This torque w i l l  cause the  
inne r  cy l inder  t o  precess  about IA, thus  moving it away from i t s  n u l l  
pos i t i on .  
s i g n a l  t h a t  is amplif ied,  compensated and fed t o  the  torque motor. The torque 
motor w i l l  produce a torque about I A  t h a t  w i l l  balance out  the  torque due 
t o  a c c e l e r a t i o n  i n  the  OA d i r ec t ion .  The f i n a l  alignment of t he  inner  
cy l inde r ,  the  outer  cy l inder  and the housing wi th  respec t  t o  each o the r  
w i l l  no t  be a f f ec t ed ,  and the  encoder w i l l  not  g ive  an output.  
The pickoff  device w i l l  de tec t  t h i s  movement and w i l l  produce a 
16 
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I f  t h e r e  is a t r a n s l a t i o n a l  acce le ra t ion  along t h e  sp in  axis, then  
the  inner and ou te r  cy l inders  w i l l  be acce le ra t ed  without  experiencing 
torques  about OA o r  IA. 
cy l inde r  and t h e  housing wi th  respect toeach o the r  w i l l  remain t h e  
same, and t h e  encoder w i l l  not g ive  an output.  
The alignment of t h e  inner  cy l inder ,  t h e  o u t e r  
The PIGA w i l l  r e a c t  t o  r o t a t i o n a l  motion i n  exac t ly  the  same manner 
as d id  t h e  SAR;  t h a t  is, the  PIGA w i l l  g ive  an output f o r  r o t a t i o n a l  motion 
about IA,  bu t  w i l l  not be a f f ec t ed  by r o t a t i o n a l  motion about OA o r  about 
t h e  s p i n  r e fe rence  axis. 
displacement between t h e  housing and t h e  ou te r  cy l inder .  
of t h i s  angular displacement i s  p ropor t iona l  t o  the acce le ra t ion  of t h e  
PIGA along IA. The angular displacement w i l l ,  therefore ,  be p ropor t iona l  
t o  t h e  i n t e g r a l  of t h e  acce le ra t ion  along I A  of t h e  PIGA p lus  the  angular 
r o t a t i o n  of t he  housing of t he  PIGA about IA. 
The output of t h e  PIGA is a measure of t he  angular 
The rate 
I n  order  t o  use  the  PIGA as  an accelerometer, t he  angle of r o t a t i o n  
must be subs t r ac t ed  from i t s  output. 
a c c e l e r a t i o n  due t o  g rav i ty ,  and, therefore ,  t h e  output must be cor rec ted  
f o r  g rav i ty .  
The PIGA w i l l  a l s o  measure t h e  
When a PIGA i s  used on a s t a b l e  platform, i t  w i l l  not experience 
r o t a t i o n a l  motion, and i t s  output,  a f t e r  co r rec t ion  f o r  grav i ty ,  w i l l  
be t h e  i n t e g r a l  of t h e  t r a n s l a t i o n  a c c e l e r a t i o n  of t h e  platform along 
t h e  input  axis of t he  PIGA. When the PIGA is  mounted d i r e c t l y  t o  t h e  
v e h i c l e ,  i t s  output must be corrected f o r  angular r o t a t i o n  a s  w e l l  as f o r  
g r a v i t y .  This co r rec t ion  w i l l  not present  a problem s ince  i n  t h e  proposed 
I '  17 
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I 
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I  
a n a l y t i c  platform, each PIGAwil l  be used i n  conjunction wi th  an  SAR. 
The angular  ro t a t ion ,  which w i l l  be measured by the  SAR, gives  t h e  
necessary information t o  co r rec t  t he  PIGA reading. 
12,13 B. Quantization 
The output  of  an SAR o r  of a PIGA can be obtained from an encoder 
t h a t  measures the angular  displacement of the  housing wi th  r e spec t  t o  
t h e  ou te r  cy l inder .  A t y p i c a l  input-output r e l a t i o n  of an encoder is  
shown i n  Figure 11-3. The output  of t he  encoder i s  a pulse  each t i m e  
the  angular  p o s i t i o n  changes by a d i s c r e t e  amount (one pulse/one 
quan t i za t ion  l eve l ) .  
corresponding t o  the  d i r e c t i o n  of angle change. Due t o  the  na ture  of 
t h e  d e t e c t o r s  used i n  an encoder, hys t e r s i s ,  a s  shown i n  Figure 11-3, 
exists fn the de tec t ion  of  the  angle of r o t a t i o n .  Typical quant iza t ion  
levels  f o r  SAR's a r e  from 5 t o  20 arcseconds. 
The output  pulses  may be p o s i t i v e  o r  negat ive 
Figure 11-4 i s  a s impl i f ied  drawing of a t y p i c a l  encoder. For a 
b e t t e r  understanding of the  loca t ion  and opera t ion  of the  encoder i n  
conjunct ion with the  SAR, r e f e r  t o  Figure 11-2. The coded d i s c s  are 
a l t e r n a t e l y  t ransparent  and opaque. One d i s c  has (2n) segments and 
t h e  o t h e r  has  (2n + 2) segments. One of t h e  d i s c s  i s  mounted on the  
s h a f t  of  t h e  ou te r  cy l inder  and the o the r  i s  at tached t o  the  housing. 
A s  t h e  ou te r  cy l inder  and housing r o t a t e  with respec t  t o  each o ther ,  
t he  pho to t r ans i s to r s  de t ec t  t h e  v a r i a t i o n  i n  the  i n t e n s i t y  of the  
l i g h t  t h a t  passes  through the  d i sc s .  A s  one d i s c  r o t a t e s  360/n degrees 
wi th  r e spec t  t o  the  o t h e r ,  t he  pho to t r ans i s to r s  w i l l  de t ec t  360 degrees 
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of r o t a t i o n  of t he  maximum l i g h t  i n t e n s i t y  po in t  of the  l i g h t  t h a t  
passes  through the  d i sc s .  The r o t a t i o n  of the  maximum l i g h t  i n t e n s i t y  
p o i n t  i s  due t o  the  ve rn ie r  e f f e c t  between the  opaque segments of t h e  
two d i s c s  blocking the  passage of l i g h t .  The e l e c t r o n i c  c i r c u i t s  shown 
i n  Figure 11-4 convert  the  outputs  of t he  pho to t r ans i s to r s  t o  pulses  
t h a t  represent  t h e  angle  of  r o t a t i o n .  
111. TRANSFORMATION MATRIX 
D. W. Kelly and R. J. Vinson 
14,15,16 A. Introduction 
The transformation matrix relating vehicle-fixed coordinates to 
space-fixed coordinates can be calculated by several different methods. 
These methods will be presented in this chapter along with the advantages 
and disadvantages of each. 
The two coordinate systems will be designated by the subscripts 
v and s as shown in Figure 111-1. The transformation matrix will be used 
to transform the velocity of the vehicle from the vehicle-fixed coordinate 
system to the space-fixed coordinate system. The only transformation 
necessary to perform this operation is a rotational transformation, and, 
therefore, the translation transformation relating the origins of the 
two coordinate system is not necessary. For this reason it is satisfactory 
to assume that  the origin of the space-fixed coordinate system is translated 
to the center of mass of the vehicle and moves with the vehicle. 
17 B. Rotational Matrix 
The rotational transformation matrix 
c =  
‘31 ‘32 
(111- 1) 
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is  a 3 x 3 matr ix  used t o  transform the  v e l o c i t y  outputs  of the  PIGA's 
from the  vehicle-f ixed coordinate system t o  the  space-fixed coordinate  
system, t h a t  is, 
12 
C 
c22 
'32 
- 
13 
'23 
c33 - 
(111-2) 
This r o t a t i o n a l  matr ix  must be ca lcu la ted  i n  r e a l  t i m e  by means of a 
d i g i t a l  computer device on board the  veh ic l e .  
The r o t a t i o n a l  matr ix  may be ca l cu la t ed  by any of the  following 
bas i c  concepts: 
1. Direct ion cosines ,  
2. Euler angles  ( three  and four  gimbal concept),  
3. Four parameter methods (Euler parameters, quaternions,  and 
Cayley-Klein formulation). 
In  each case t h e  r o t a t i o n a l  mat r ix  is  ca lcu la ted  using a set of 
d i f f e r e n t i a l  equat ions which requi re  a s  inputs  the angular r a t e s  of 
r o t a t i o n  of t he  veh ic l e  about the t h r e e  vehicle-f ixed coordinate  axes, 
which can be obtained from the  SAR's .  The development of each a s  is 
p e r t i n e n t  t o  t h i s  s tudy follows below. This presenta t ion  i s  intended 
on ly  a s  a compilation of previous work. 
24 
1. DIRECTION COSINES 
- 
Consider a v e c t o r  r i n  the veh ic l e  coordinate  system as 
- - - - - -  - 
r = X v h  + Y v j v  + z v h ,  where i,, jv,  and are the  u n i t  v e c t o r s  along 
t h e  q , Y v ,  andZv axes respect ively.  It is  des i red  t o  express t h i s  
same v e c t o r i n  the  same space coordinate  systemas r = %is + Ysjs + asks, 
where i s y j s y  and k, are the  u n i t  vec tors  along the  Xs, Y., and % axes 
re spec t ive ly .  
- - - - 
- -  - 
This can be accomplished by expressing xsy ysy  and zs i n  
terms of 5, yv, and % as 
xs = 5 cos a1 + yv cos a2 + zv cos a3 
zs = cos y1 + yv cos y2 + zv cos y3 , 
where 
- - 
a1 = angle  between is and iv 
- - 
a 2  = angle  between is and .jv 
a 3  = angle  between is and k, 
- - 
- 
B1 = angle  between js and i, 
- - 
62 = angle  between js and jv 
- - 
33 = angle  between j, and k, 
y1 = angle  between !cs and 
- 
(111-3) 
- - 
y2 = angle  between k, and jv 
y 3  = angle  between ks and kv . 
I 
25 
(111-1) can be expressed i n  mat r ix  no ta t ion  as  
YS 
t 
cll c12 ‘13 
c21 c22 ‘23 
33 C ‘31 ‘32 
X 1 V 
where the  c i j ’ s  a r e  the  d i r e c t i o n  cosines and a r e  
I 
I 
The ma t r ix ,  
c 
cll 
31 C 
(111-5) 
for  j = 1, 2,  3. 
c12 
c22 
32 C 
(111-4) 
(111-6) 
i s  t h e  r o t a t i o n a l  m a t r i x  t h a t  transforms the v e c t o r  T from the v e h i c l e  
coord ina te  system to the  space coordinate system. C i s  an orthogonal 
matr ix ,and,  t he re fo re ,  must s a t i s f y  a l l  of t he  p rope r t i e s  of an orthogonal 
mat r ix .  
The elements of t h e  transformation mat r ix  can be expressed i n  terms 
of t h e  do t  product between the un i t  vec to r s  of t he  two coordinate systems. 
The dot  product i s  defined as: a b = 
angle  between a and b. 
- -  lbl cos 8 , where 8 i s  the  
- - 
Thus, i n  terms of the dot  product, 
26 
- - 
- i * is cll - V 
- j v . i  
12 S 
c13 = \ is 
- - 
i *  - c21 - v js 
- 
c33 = k, ' i;, . 
(111- 7) 
The elements of the C matrix can be obtained by integrating if the 
time derivatives of the direction cosines are known. The time derivatives 
of the direction cosines can be related to the rates of rotation of the 
axes in the vehicle coordinate system, and to the instantaneous values 
of the direction cosines. Since the rates of rotation of the axes of 
the vehicle are measured,the on-board computer can calculate the 
instantaneous C matrix. 
To show the relations between the time derivatives of the direction 
cosines, and the rates of rotation of the axes of the vehicle requires 
the definition, 
(111-8) 
where Ox, O 
vehicle and Ox, QY, and Oz are t he  rates of rotation. 
and a Z  are the angles of rotation about the axes of the Y' 
The relations 
27 
between the unit vectors in the two coordinate systems are 
- 
C 
cll c12 
C C 
21 22 
- ‘31 ‘32 
Differentiating both sides of (111-8) with respect to time gives 
- - 
‘11 ‘12 ‘13 
‘21 ‘22 ‘23 
‘31 ‘32 ‘33 - - 
- - 
‘11 ‘12 ‘13 
‘21 ‘22 ‘23 
‘31 ‘32 ‘33 - 
(111-9) 
L(7 dt v1) 
I (111-10) 
Since the length of a unit vector does notchange, and since the direction 
of the unit vectors in the space coordinate system do not chenge; the 
time derivatives on the left of (111-10) are zero. Therefore, 
c12 
22 
‘32 
C = -  
c12 
c22 
32 C 
(111- 11) 
From the definition of the derivative of a unit vector, 
28 
and 
- 
d -  -(k ) = 0 x cv = dt v 
- 
i 
V 
X 
0 
0 - 
Substituting these expressions in 
may be obtained. 
c = c  4 12 13 x - 'lz 
c = c  4 - c  l$ 
13 11 y 12 x 
c = c  4 - c  4 21 22 z 23 y 
c = c  @ - c  4 
22 23 x 21 z 
@ z  
- 0 
- - 
k 
V 
z 4 
1 - 
(111- 12) 
. -  . -  
= 4  i y v - @ X j V '  
(111-11), the following set of equations 
(111- 13) 
E = c  4 - c  i 
23 21 y 22 x 
I -  29 
These n ine  d i f f e r e n t i a l  equations may be in t eg ra t ed  by some numerical 
technique t o  ob ta in  the new C r o t a t i o n a l  matrix. 
2. EULER THREE ANGLES 
Euler has shown t h a t  it is poss ib le  t o  go from one coordinate 
system t o  a second s p e c i f i e d  system by t h r e e  d i s t i n c t  r o t a t i o n s .  It is 
a simple matter t o  compute the  matr ix  f o r  each r o t a t i o n ,  and then t o  
m i l t i p l y  them toge ther  i n  t h e  proper order  t o  o b t a i n  t h e  t o t a l  
r o t a t i o n a l  matrix.  
Consider f i r s t  a r o t a t i o n  about t he  Zs a x i s  by an angle a,. The 
r e s u l t  w i l l  be the  X ' Y ' Z '  coordinate system a s  shown i n  Figure III -2a.  
Next a r o t a t i o n  about t he  X '  a x i s  by an angle  0 a s  shown i n  Figure III-2b. 
The new coord ina te  system i s  X"Y"Z". 
a x i s  by an angle  Qy. 
d i n a t e  system is  the  X,,Y,,Z, system,which i s  the  vehicle-fixed system. 
X 
The l a s t  r o t a t i o n  i s  about t h e  Y'' 
Figure I I I -3c  shown t h e  f i n a l  r o t a t i o n  and t h e  coor i -  
Consider f i r s t ,  t h e  r o t a t i o n  through t h e  angle  which is shown i n  
Figure I I I -2a .  I f  t h i s  is  viewed from above, transformation of some 
a r b i t r a r y  vec to r  would appear a s  shown i n  Figure III -3a.  
It can be seen from the  geometry of Figure I I I -3a  t h a t  t he  new 
X ' ,  Y', and 2' components a r e  r e l a t e d  t o  Xs, Ys, and Zs by t h e  following 
ma t r i x  equat ion 
(III- 14) 
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Now the  r o t a t i o n  of Figure 111-2b may be viewed from the f r o n t  along 
the  X' axis, and Figure 111-3b i s  obtained. 
f i gu re ,  i t  may be seen that 
From the  geometry of this  
(111-15) 
The f i n a l  r o t a t i o n  may be viewed from the  f r o n t ,  along the  y" axis, 
a s  i n  Figure 111-3c. From the  geometry of this  f igu re  i t  can be seen 
t h a t  
(I 11-16) 
To determine the  t o t a l  transformation matrix which r e s u l t s  from these  
th ree  r o t a t i o n s ,  i t  i s n e c e s s a r y  only t o  mul t ip ly  the  three  ind iv idua l  
mat r ices  i n  the  c o r r e c t  order .  I f  (de) i s  the  product,  then 
I f  (C) i s  the  inverse  of (de),  then 
(111- 17) 
(1114 18) 
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I -  31 
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I 
I 
I 
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Fig. III-3--Transfor?:ation of Arbitrary Vector 
Showing Euler Angles. 
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(c) may be determined i n  one of two ways; e i t h e r  ob ta in  (de) and then 
take the  t ranspose of (de), s ince  (a) i s  orthogonal; o r ,  take t h e  
t ranspose of the  three  matr ices  tha t  give (de) and then mult iply i n  
reverse  order .  I f  t h e  l a t t e r  method is used, then 
0 cos 0 0 s i n  0 
X 
(111 - 19) 
which gives  
c =  1. 
i 
- 
Y 
-s in  0, cos 0 cos 0, s i n  €3 
Y 
cos 0, cos ey 
- s i n  8, s i n  0, s i n  eY +sin  0, s i n  0, cos eY 
Y s i n  8, sin 8 Y COS 0, COS e Y s i n  0, cos 8 
-cos 0, s i n  0, cos % Y +cos 8, s i n  ex s i n  e 
Y 
cos ex cos 0 Y -cos 8, s i n  €Iy s i n  0 - 
(I 11- 20) 
Since the  pos i t i on  of a coordinate system may be spec i f i ed  i n  
terms of Euler angles ,  the r a t e  of r o t a t i o n  of t h a t  coordinate system 
must be r e l a t e d  t o  the r a t e s  of change of the  Euler angles.  
r e l a t i o n s h i p  w i l l  now be invest igated.  
This 
It has been shown t h a t  a vector  can be a s s o c i a t e d w i t h  B r a t e  Of ro ta -  
t i o n .  The vector  i s  d i rec ted  along the  instgntaneous a x i s  of r o t a t i o n ,  
34 
and is equal in magnitude to the rate of rotation. 
Euler angle rates may be associated with a vector along the axis of 
rotation. Observe that the vector associated with the 8 rotation of 
Figure III-3a is directed along the ZI axis and points out of the 
page if 8, is positive. 
€3, vector is in the positive X' direction. Finally, a rate of 
rotation due to the eY vector is in the positive Y" direction. 
Euler angle rates must be transformed to the vehicle coordinate system 
in order to relate the vehicle angular rates to the Euler angle rates. 
The rotation matrices (111-19) previously derived may be used. 
Thus, each of the 
2 
Similarly, the rate of rotation due to the 
These 
Therefore, 
the 8, Euler angle rate gives 
- - 
Y 0 -sin 8 Y COS e 
0 1 0 
Y sin OY o COS e - - 
- 
1 0 
_- o COS e 
A 
0 -sin 8, 
@xv = (-cos e, sin ey) 8, 
@Yv = (sin g z ,  
02, - (COS e, COS ey) e,. 
The 8, Euler. angler rate gives 
- 
0 -sin eY 
o COS ey 
COS ey 
0 1 
sin €Iy 
- 
Y 
0 
cos e 
-sin €3, 
X 
sin 8 
- 
cos Oz sin 8, 
-sin 8 COS e, z 
0 
(111-21) 
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(111-22) 
9 
(111-23) 
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or 
6xv = (COS ey) hX, 
iF = 0, 
@ZV Y = (sin e ) e x  . 
The By Euler angle rate gives 
= 0, 
= hY, 
= 0. 
(111-24) 
(111- 25) 
(I 11- 26) 
Adding the components of the vehicle angular rates, the following matrix 
equation is derived. 
0 -sin eY cos e, 
COS ey COS ex 
- 1 
- 
Y COS e 
0 1 sin 8, 
sin eY 0 
(111-27) 
But the vehicle angular rates are known, and the Euler angle rates are 
needed. They can be determined by taking the inverse of the above 
36 
m a t r i x  . Therefore,  
- 
0 s i n  0 
1 -cos 8 t a n  eY 
o COS e 
’/cos ex 
Y 
Y 
L - 
(III- 28) 
From these  equat ions,  i t  i s  easy to  see  t h e  d i f f i c u l t i e s  which a r i s e  
when ex approaches 90°. For t h i s  value of Ox, both 6 and 6, are 
indeterminate .  The t h r e e  d i f f e r e n t i a l  equat ions obtained from (111-28) 
Y 
may be in t eg ra t ed  t o  obta in  the  new Euler angles.  These may be 
s u b s t i t u t e d  i n t o  (111-20) t o  obta in  t h e  new C r o t a t i o n a l  matrix.  
3. EULER FOUR ANGLES 
I n  an e f f o r t  t o  avoid the s ingular  point  sa descriheC! In Euler 
t h r e e  angles ,  a redundant four th  angle  w i l l  be added and the  r o t a t i o n  
of 8 w i l l  be l imi ted .  
about t h e  x~, a x i s  and w i l l  have an unl imited r o t a t i o n .  
This fourth angle ,  Box, w i l l  be a r o t a t i o n  
X 
The previous 
8, w i l l  be c a l l e d  eX1. The C matr ix  f o r  t he  four  angle  system w i l l  be 
C Matrix 0 
C = [ For Three ] COS eo, si: e: j  (111-29) 
Euler  Angle Case - s i n  eOx COS e 
Therefore the  new C mat r ix  w i l l  be 
‘11 ‘12 ‘13 
= c22 c23- 
(111-30) 
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I 
where 
Y’ 
cll = cos 6, cos 8 - s i n  8, s i n  6 s i n  8 Y x l  
c12 
= 
+ s i n  8, s i n  OX1 cos 8 s i n  OOx, 
- s i n  8, cos eX1 cos €lox + cos 8,  s i n  0 s i n  eOx 
Y 
Y 
= s i n  8, cos 6 cos e,, + cos 8,  s i n  8 cos eOx 
f s i n  8, s i n  BX1 cos eY cos OOx, 
13 x l  Y 
Y’ c21 = s i n  6, cos 8 + cos e, s i n  s i n  8 Y 
c22 = cos 8 ,  COS 8 cos 8 + s i n  8 s i n  0 s i n  OOx 
Y 
x l  ox 2 Y 
- cos 8, s i n  cos 8 s i n  cox, 
c-., = - cos 8- cos e_, s i n  + s i n  8, s i n  6 cos 
LJ a W I L  Y 
- cos 8, s i n  8 cos 8 cos cox, 
x l  Y 
Y’ = - COS 8 s i n  8 ‘31 x l  
- s i n  gx1 cos 8 + cos 8 cos 8 s i n  cox, 
‘32 - ox x l  Y 
c33 = - s i n  eX1 s i n  eo, + cos €Ix1 cos 6 cos 8 . 
Y ox 
N o w  each of the Euler angle r a t e s  must be r e l a t e d  t o  the veh ic l e  angular 
r a t e s .  As was shown i n  the  preceeding s e c t i o n  on Euler t h ree  angles,  
each of  the Euler angles may be r e l a t e d  t o  t h e  veh ic l e  angular r a t e s  
by t ransformation mat r ices .  Therefore, t he  components of the  veh ic l e  
angular  r a t e s  caused by 8 ,  a r e  given by: 
38 
0 0 
cos eOx s i n  8, 
- s in  8, cos 8,  
which reduces to: 
L$=  ( - s in  e cos exl) e,, Y 
Y lcDI ey O -sin 
0 1  0 
Y 0 0 cos 8 Y - 
- 
1 0 0 
0 COS exl 
0 - s i n  cos oxl 
- 
L$ = ( s i n  exl COS eOx + cos e COS e s i n  eo,) e,, 
cos exl cos eox) e, 
Yv Y x l  
= ( - s in  exl s i n  eox + cos e 
@ zv Y 
(111-3 1) 
(111-32) 
S imi l a r ly ,  the  components of the  vehic le  angular r a t e s  caused by eX1 are 
given by : 
- 
1 0 0 
0 COS e,, s i n  
0 - s i n  €lox cos 
- 
which reduces to:  
cos 8 
0 
s i n  8 
Y 
Y 
= ( s i n  e,, s i n  e Y 6,1, 
= (COS eOx s i n  e ) eX1. 
i, 
zv Y ; 
- 
Y 0 - s i n  8 
1 0 
o COS e 
Y 
(1x1-33) 
(111-34) 
I -  
I -  
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
~ 
- 1 
xl -sin 0 cos 0 Y Y 1 0 cos 0 
0 cos eo, sin eOx sin 8 Y (sin QX1 cos eOx 
+cos eY cos 0,1 sin eo,) 
0 -sin Go, cos eOx sin 8 Y ( C O S  e Y cos exl cos ecx 
-sin 0,1 sin cox) 
The components 
39 
of the vehicle angular rates caused by 0 are given by 
Y 
The components 
- - 
1 0 0 
0 cos eo, sin eOx 
0 -sin eo, cos 0 ox - - 
- 
0 
- 
0 
i, cos eox Y 
-0 sin eOx 
- Y  
(III- 35) 
of the vehicle angular rates caused by eOx are given by: 
0, = box, 
i = 0 ,  
YV 
6 = 0. 
ZV (III- 36) 
Adding the components of the vehicle angular rates caused by all four of 
the Euler angle rates gives: 
(III- 37) 
which may be rewritten as: 
0 -sin €3 cos 
Y 1 
sin eo, sin 0 Y 
cos eOx sin e Y 
cos eo, (sin eX1 cos 0 ox 
+cos ey cos 0,1 cos cox) 
-sin eOx (COS eY COS exl cos eOx 
-sin eX1 sin 0 ) ox 
I -  i 
I -  40 
To determine the  r a t e  of change of the Euler  angles  wi th  respec t  t o  the  
veh ic l e  angular  r a t e s ,  the inverse  of the above mat r ix  must be determined. 
Therefore,  
ox 
(111-39) 
where 
b l l  = 
b12 = 
b13 = 
- 
b21 - 
b22 - 
- 
- 
b23 - 
b31 = 
b32 - - 
b33 = 
cos ey, 
s i n  8 s i n  eo,, 
Y 
s i n  8 cos cox, 
Y 
s i n  8 t a n  QX1, 
Y 
cos  8 Y 
-cos 8 
-sin 6y/cos exl, 
tan  eX1 s i n  eo, + cos eo,, 
t a n  eX1 cos eo, - s i n  cox, Y 
COS ey C ~ E  e /cos eX1. 
COS e COS e /COS exl. 
ox 
Y ox 
Three d i f f e r e n t i a l  equations may be obtained from (111- 39 1, but  
i t  should be noted t h a t  besides  the  angular  v e l o c i t i e s  of the  veh ic l e ,  
an  a d d i t i o n a l  angular  r a t e  of G O x  must be known. 
be obtained from the  gimballing arrangement between the  engines and vehic le .  
This l a s t  r a t e  may 
I -  41 
4. Four Parameters -
t--- 
I 
In this section, three different methods of obtaining the four 
parameters are developed. These three methods (Euler parameters 
Cayley-Klein parameter, and quaternions) lead to the same set of 
differential equations. The last Tart of this section develops 
the relationship between the four parameters and angular velocities. 
Euler Parameters 
Euler's Theorem: 
rotation through some angle, about some fixed axis. 
Any real rotation may be expressed as a 
-- - - -  -1 8 
Consider the angles p, Q, @, and y where p is the angle of 
rotation and (3, @,  and y specify the fixed axis of rotation. Let 
sYrZr be an additional coordinate system fixed at the origin of 
the XVYvZv system. 
the angles of a, p ,  and y with $, Y, and Z, axes respectively. 
In addition the Yr axis is restricted to the 'CYv plane and, therefore, 
is perpendicular to the Z, axis. 
The Xr axis is the axis of rotation and makes 
The rotation of the %Y& system 
through the angle p may be viewed as the result of three rotations: 
(1) rotation of the qYvZv system into coincidence with the 
system (A rotation), (2) rotation through the angle p about the Xr 
axis (R rotation), and (3)  the reverse of (1) to restore the original 
separation of the X,,YvZv system and the XrYrZr system (A' rotation). 
The matrix for each of these transformations is developed, and the 
three may be multiplied together to express the total transformation. 
I -  
A = 
42 
fcos @ csc  y ?cos a csc y I. 
Consider the f irst  transformation from the q Y v Z ,  system i n t o  
the  q Y r Z r  system, where a ,  $, and Y a r e  the  angles between the  Xr 
ax i s  and the  Xv, Yv, and Z, axes respec t ive ly ,  then the  a l l ,  a12, and 
a13 a r e  d i r e c t i o n  cos ines ,  and s ince the  Yr ax i s  i s  perpendicular t o  
the  Z, a x i s ,  a23 = 0. Therefore,  p a r t  of the  f i r s t  transformations i s  
A =  
- - 
cos QI cos f3 cos y 
a2 1 a 22 
0 
a3 1 a32 a33 
(III- 40) 
- - .  - 
It i s  poss ib le  from orthogonal i ty  condi t ions t o  complete A .  
(111-41) 
p c o s  a cot  y +cos B c o t  y -Isin yJ 
Since the  above matr ix  must reduce tc t he  i d e n t i t y  matr ix  when Cy; 
becomes zero and y 
determined. The r e s u l t  i s  
and B a r e  equal t o  90°, the  c o r r e c t  s ign  may be 
Po, a 
a co t  y -cos !3 cot  y 
B csc  y cos a csc  y ( I I I -  42) 
I -  
I .  
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
Y 
$ 
3 
43 
The second rotation, through the angle p, about the Xr axis is simply 
0 
R =  
-sin p cos p 
(111- 43) 
I The last rotation is the inverse of (A) or (A) . Thus, the general 
transformation is given by 
(111- 44) 
~ 
This is similarity transformation and the trace of a matrix is 
invariant under a similarity transformation, that is, 
c11 + c22 + c33 = 1 + 2 cos IJ- (111- 45) 
so  the angle of rotatton Gay be obtained directly from the diagonal 
elements. Carrying out the operations in (111-44) gives 
(111- 4 6 )  
44 
where 
If the following substitutions are made, 
!, = COSQI sin(yi2j 
7 = cos@ sin(p/2) 
6 = cosy sin(p/2) 
x = cos(p/2), 
the matrix of (111-46) becomes 
c11 
= 2(C6 + +) 13 C 
l -  45 
(III- 47) 
These four parameters are called the Euler parameter. 
that they obey the relationship 
It may be seen 
2 5 + v2 + s2 + x2 = 1. (III- 48) 
Cayley- Klein Parameters 
In the Cayley-Klein development of the four-parameter system, it 
is found that a 2 x 2 complex matrix may be used to represent a real 
rotation, rather than a 3 x 3 real matrix. Consider such a matrix 
(HI 9 
The requirement placed on this matrix is that it be unitary, which is 
to say that the product of (H) and its conjugate transpose must yield 
the unit matrix. In addition, it is required that the determinant of 
the matrix (H) have the value +l. The unitary condition allows fl 
46 
for the determinant, so this is an additional requirement. The 
unitary condition may be written as 
Expanding and equating components gives 
* * 
hll + h22 hZ1 = 0 ,  h12 
+ h22+ h22 = 1. hl2" 12 (111-5 1) ~ 
The second and third equations are the same, being merely complex 
conjugates of each other. 
imaginary component, whereas the second (or third) has both real 
and imaginary parts. Therefore, the three independent equations 
contain four conditions. These, together with the determinant 
The first and fourth equations have no 
requirement that )I h = +1, make it possible to 
li 22 - h2ih;2 
It determine certain relationships among the four quantities h mn' 
x 
may be shown that h 
= hll , and that h21 = -h12*, and thus the 22 
matrix may be written as 
H - [""* "'..I. (111- 52) 
4712 hll 
1 1 7  h127 h22 are usually referred to as the Cayley- The quantities h 
Klein parameters. It will be noted that they are complex numbers. 
I -  1 .  47 
While it is convenient to use them as such in analytical operations 
(and this is the purpose for which Klein developed them), a physical 
computer must treat complex numbers in terms of their real and imaginary 
parts. Therefore, it is convenient to introduce four other quantities 
defined as follows: 
h = e  +ie 
h = e  +ie 
11 1 2 
12 3 4 
(111- 53) 
where the e's are all real numbers, and i is the square root of -1. 
Using these definitions, the matrix (H) may be written as 
H =  2 e 3 + ie41. 
+ ie 
1 
e 
 1: 3 + ie 4 - ied Le3 + ie4 
Now consider another complex matrix (P), which has the form 
= x-:j  
where x, y, and z are real numbers. It will be noted that the 
matrix (P) is equal to its own conjugate transpose, therefore, it is 
Hermitian. Now consider a transformation of (P) of the form 
P ' = (H)(P)(H)+ (111- 56) 
where (H)+ 
unitary, (H)+ = (H)', so (111-56) is 
designates the conjugate transpose of (H). Since (H) is 
E' ' = (H)(P)(H)I (111- 57) 
I -  
r- 48 
This is a similarity transformation. It can be shown that the 
Hermitian property and the trace are both invariant under a sim- 
ilarity transformation. Therefore, the transformed matrix (P)' 
must have the form 
P' (111- 58) 
The fact that the determinant of (P) must equal the determinant of 
(P)' gives 
x2 + y2 + 22 = X I 2  + yl2 + 2'2. cII€- 59) 
If x, y, and z are viewed as components of a vector, then (111-59) is 
the requirement that the length of the vector remain unchanged. 
(111-57) may be written 
[l 
x' I iy] - [I + ie2 e3 + ie4 1 [ z x I 7 
x' + iy 2) -e3 + ie4 el - ie2 x + iy 
-I- [: - ie2 -e3 - iej 
(111- 60) 
- ie4 el + ie2 
If the operations of (111-60) are carried out, it is found that 
2 - e 2 - e + e 2 >x - 2(e e + e e )y + 2(e2e4 - e e ) z ,  2 3 4 1 2  3 4  1 3  x' = (el 
3 4  1 2  1 2 3 4 2 3  y' = 2(ee - e e ) x + ( e 2  - e 2  + e  
3 z '  = 2(e e + e e )x + 2(e e - ele4)y + (el + e  1 3  2 4  2 3  
- e 2)y + 2(e e + ele4)z, 
* - e42)z. - e  2 
2 
(111-61) 
49 
These equations represent a linear transformation between the 
components of x, y, and z ,  and the components of x', y', and z ' .  
The matrix for this transformation is 
- e e )  (el2 - 1 2  
2(ele3 + e e ) 2(e e 
= r "' 2 4  2 3  + e e )  2(ee - e e  ) 2 ? .I 4' 1 4  3 4  2 4  1 3  - e 2> 2(e2e3 - e  3 2 2 - e e (e12 + e 1 4  
(111-62) 
It may be shown directly that this matrix satisfies the orthogonality 
conditions, but it is also proven from (111-59). (111-60) shows 
that the nine direction cosines may be expressed in terms of the 
four e's. If (111-53) is substituted into (111-51) it is found 
that 
~ 
e 2  + e 2  + e 2  + e 2  = I ,  
1 2 3 4 
(III- 63) 
and therefore, only three of the e's are independent. The identity 
of these four quantities with the Euler parameters is obvious. 
Comparison of (III- 40) and (III- 45) gives 
= 5 .  (III- 64) 
4 
e = X ,  e = 6 ,  e = t l ,  e 
1 2 3 
It is also possible to view this process as two successive 
rotations in terms of the e's themselves. Consider one rotation 
defined by e , e , e , and e . After this, another rotation is 
1 2 3  4 
, e ' , and e ' . There is 
4 
performed which is described by e ' 
1 ' e2' 3 
50 
some s e t  of e ' s  c a l l e d  e ' I y  e ", e ", and e 'I which descr ibes  the 
f i n a l  o r i e n t a t i o n  a f t e r  the t w o  ro t a t ions .  This combined s e t  may 
1 2 3  4 
be found by mult iplying the  (H) matrices of the two r o t a t i o n s  i n  
the c o r r e c t  sequence. The equation is  
11 + ie 2 fl e 3 ' 1  + i e i ' ]  = [:I + i e  2 3  1 e I + ie4] 
-e  " + i e  " e '1 - i e  'I + i e  e - i e  
4 1  2 3 4 1  2 
Fl + i e 2  e3 + i e l  
(111- 65) 
'I = t ' 3  
L e  - i e 4  el  - i e d  
3 
Expanding T h i s  equat ion and equating components gives 
e fr = e ' e  - e2 ' e2  - e3 'e3  - e4 ' e4 ,  
e 1' = e e ' + e ' e  + e ' e  - e ' e  
+ e ' e  + e v e  e 1' = e ' e  - e 2 ' e 4  
e 1' = e ' e  + e ' e  + e ' e  - e v e  
1 1 1  
2 2 1  2 1  3 4  4 3 y  (111- 66) 
3 1 3  3 1  4 2 y  
4 2 3  1 4  4 1  3 2 )  
By use of these equat ions ,  successive transformations may be hafidled 
i n  terms of the e ' s  d i r e c t l y .  
Quaternions 
The most b r i l l i a n t  formulation of the four parameters was made 
by Hamilton i n  1843. He developed a new type of e n t i t y  c a l l e d  a 
quaternion". It i s  composed of four  p a r t s ,  I? 
q = S + i a  + j b  + kc,  (111- 6 7) 
where S ,  a ,  b y  and c a r e  r e a l  numbers, and the ind ices  i, j ,  and k a re  
I -  
I -  51 defined by the  fol lowing r u l e s ;  
The conjugate of t h e  quaternion q is 
q* = S - i a  - j b  - kc. (111- 6 8) 
Using the  l a w s  f o r  the  ind ices  quoted above, i t  may be e a s i l y  shown 
t h a t  
2 qqjc = q*q = Sz + a' + b2 + c , (111- 69) 
which i s  c a l l e d  the  length  o r  norm of t h e  quaternion.  
i s  t l n i t y ;  then  a s p e c i a l  form of quaternion r e s u l t s ,  a versor .  
is  poss ib l e  t o  make use of ve r so r s  t o  descr ibe  a coordinate  t ransfor -  
mation. 
qua tern ion ,  
I f  t h i s  norm 
It 
The quan t i ty  S i s  c a l l e d  the real o r  scalar p a r t  of t h e  
Consider V a vec to r  of components X,  Y ,  and Z; 
V = i X  + j Y  + kZ. 
Examine the  ope ra t ion  
(111- 70) 
V' = w v q  (111-71) 
where q i s  a versor .  
t h a t  V '  w i l l  be a vec to r ,  but t h i s  t u rns  out  t o  be the  case. 
may be w r i t t e n  as: 
So f a r  there  i s  no p a r t i c u l a r  reason t o  expect 
(111-71) 
VI  = (S - i a  - j b  - k c ) ( i X +  j Y  + kZ)(S + i a  + j b  + kc) 
(111-72) 
52 
When this equation is expanded, making use of the rules for indices, 
the result is 
V' = ik(S2 + a2 - b2 -c2) + Y(2Se + 2ab) + Z(2ac -2Sb))+ 
jk(2ab - 2Sc) + Y(S 2 - a2 + b2- c2 ) + Z(2Sa + 2cbg+ 
c 2 k X(2Sb + 2ac) + Y(2bc - 2%) + Z(S2 - a2 - b + c2 
(111-73 ) 
This is simply a coordinate transformation whose transformation 
matrix is 
2(Sc + ab) 
2(ab - Sc) S -a +b -c 
2(bc - Sa) 
2 2 2 2  
The correlations with matrices derived in the preceding sections are 
The matter of two successive rotations may be handled quite easily. 
Assume a transformed vector with the versor q 1' 
= qlK ql' 
2, 
Apply the versor q 
V' = q2* V' q2 = q2*q1*V q1 q2. 
It may be seen * *  New vectors are defined as qk = q 2  q1 and 43 = 41 92 - 
53 
that the relationship between q and q is given as 
3 4 
q2*q1* = q4 
and q q *q * - 
2 2  1 - q2q4 
and since q is a versor, q2q2* = 1- 2 
to 
41" = q2q4. 
Now q is applied on the left, 
1 
(111-78 1 
Therefore, (111-78) reduces 
(111-79 
so that q must equal the conjugate of q . This means that 
4 3 
(III- 81) 
The equation q - may now be written as 
3 - q1q2 
+ jb + kc ) ( S  + ia + jb + kc ). 
3 3 3 3 = + ia 1 1 1 2  2 2 2 
S + ia + jb + kc 
Expanding this equation and equating like components gives: 
S = S S  - a a  - b b  - c c  
a = S a  + S a  + b c  - c b ,  
3 1 2  2 1  1 2  1 2  
b = S b  - a c  + b S  + c a  
c = S c  + a b  - b a  + c S .  
3 1 2  1 2  1 2  1 2  
3 1 2  1 2  1 2  1 2 ,  
3 1 2  1 2  1 2  1 2 ,  
(III- 82) 
These equations are identical with (111-66) which 
same connection by use of the Cayley-Klein parameters. Thus, the . 
quaternion method leads to the same results as did the preceeding 
developments. 
Was developed in the 
54 
Infinitesimal Rotations 
The primary interest is in determining the orientation from the 
rate of rotation through a process of integration. Accordingly, it 
is necessary to relate the rates of change of the four parameters to the 
rates of rotation of the a x i s  system. 
It has been shown that an orthogonal transformation may be 
represented by a complex matrix having certain properties. It is 
now of interest to investigate this matrix when an infinitesimal 
rotation is performed. Firstyassume that this infinitesimal rotation 
consists of a rotation through the angle A p about a line which makes 
angles of Q, 8, and 7 with the X, Y, and Z axes respectively. Recall 
that the matrix (H) may be expressed 
APP 1Y 
H =  
el + ie2 
-e3 + ie4 
e3 i lei, i o  
el - ie2j (I1 I- 83) 
ng the geometrical ,nterpretation of the e's from (111-64) gives 
L 
(111- 84) 
From this , 
representee 
it can be seen that the infinitesimal rotation may be 
(111- 85) 
since cos (&/2)=ly and since sin (&/2)=&/2. 
55 
I- It is expected that any matrix representing an infinitesimal rotation 
will differ only slightly from the identity matrix. 
the above matrix, and it may be shown more clearly by writing it a s  
follows : 
This is true of 
H ,  =I+(€) 
where 
I 
and 
(111-86) 1 cos B + i cosa + i cosa - i cosy 
Now assume that this infinitesimal rotation takes place during a small 
time interval, and that f H ) '  is the matrix at the end of the interval. 
Then the time derivative of (H) may be written as 
d(H) = limit (H)'  - (H) . 
dt At-0 - A t  (111-87) 
The final matrix (H)' may also be viewed as the result of two rotations, 
first (H) and then (H)E. In other words, (H') = (H)E (H). The insertion 
of this value into the above equation gives 
limit (H) 
dt 
(111-88) 
Since (H) is not affected by the time increment, the limiting process 
refers only to the quantity . 
At 
56 
I r l =  I U  
At 2 At 
 COS^ + i coscr: 1 (111- 89) i cos7 -cos@ + i corn - i cos7 
In the limit, the quantity is simply the scalar magnitude of the 
At 
dO 
angular velocity vector. If d4x , 3 , and Z are the dt dt dt 
components of this velocity vector along the X, Y, and 2 axes, then 
so that 
limit 
A t-0 
(E) 
Dt 
Therefore, 
do 
dt 
1 
2 
- dt 
i 
(111- 90) 
(H) . (111-91) 
It is also possible to show, by a straight forward limiting process, 
that the time derivative o f  a matrix is also a matrix whose elements 
are the time derivatives of the elements of the original matrix. 
Theref ore, 
1 
2 
= -  
G1 - ie 
1 - 
el + ie2 e3 + ie4 I .  
-e3 + ie4 el - ie2 I 
(111- 92) 
I -  
I *  
I 
I 
I 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
57 
Expanding and equating like terms yields 
d@X 3 
+ e4 dt 2C2 = -e3 t
d@ 
-I- el dt 
d@X Y 2G3 = +e2 -dt 
% + el - dt Y 
d@Z - e4 dt Y 
(111-93) 
d@Z 
+ e 3  dt 
These are the equations which are used to compute the four parameters in 
an actual simulation. 
APPENDIX A 
MATRlX OPERATIONS AND DEFINITIONS 19,20,21,22 
A system of m nonhomogeneous linear equations in the n uni. ,nowns 
xl, x2, .... xn is 
+ a  x +.,.+a x = y l  allXl 12 2 In n 
+ a  x +...+a x = y 2  a21X1 22 2 2n n . (A-1) 
a + a xi + ... + a x = y,. -mlxl m2 L In11 ii U I  
This system of equations may be represented by the matrix equation 
12 
a 
22 a 
a m2 
... 
... 
... 
An abbreviated symbolism f o r  (A-2) is 
AX = Y ; A = (a. .)m,n , 
1 3  
. 
(A-3) 
58 
I -  
I -  
I 
I 
I 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
which may also be written as 
n 
yi = l a x  ij j 
j=1 
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i = 1 ,  2 ,..., m. 
Definition 1.1 
A matrix is an ordered array of m x n scalars aij arranged in m 
rows and n columns. The scalar aij in row i column j is called 
the ij entry of A. 
if i # j, then aij 
below (i > j, subdiagonal) the diagonal. 
If i = j, then aij lies on the diagonal; 
is either above (i < j, superdiagonal) or 
Definition 1.2 
The trace or spur of a matrix is the sum of the diagonal entries. 
n 
trace(A) = spur(A) = Eajj. 
j=1 
Definition 1 .3  
A square matrix is a matrix with m = n. 
A vector is a matrix with m = 1. 
A column vector is a matrix with n = 1. 
Examples : 
SQUARE MATRIX 
bl1 
ROW VECTOR 
[:I] 2 1  
COLUMN VECTOR 
I -  
! -  60 
Def in i t i on  1 .4  
A n u l l  matr ix  i s  one i n  which a l l  e n t r i e s  a r e  zero. 
Def in i t i on  1. 5 
A mat r ix  i s  ca l l ed  
1. Diagonal, i f  a i j  = 0 f o r  i f  j 
2. Superdiagonal, i f  a i j  = 0 f o r  i r j  
3 .  Subdiagonal , i f  a i j  = 0 f o r  is j 
4 .  Upper- t r iangular ,  i f  a i j  = 0 f o r  i > j  
5. Lower-triangular,  
6. Tr id iagonal ,  
i f  a i j  = 0 f o r  i < j  
i f  a i j  = 0 f o r  ti - jl> 1. 
Def in i t i on  1 . 6  
The i d e n t i t y  matr ix  o r  u n i t  matr ix  (I) i s  a diagonal matr ix  with 
its diagonal e n t r i e s  equal to one. 
where sij i s  the  Kronec!;er d e l t a  symbol and 
if i = j  
i f  i f j  
D e f i n i t i o n  1.7 
The transpose of matr ix  4, (AT), i s  the matr ix  obtained from A 
by interchanging rows and columns. (The f i r s t  row becomes the 
f i r s t  column, the f i rs t  column becomes the f i r s t  row, e tc . )  
6 1  
all a21 a31 
32 a 22 a 12 a 
Examp le  : 
' A =  
Def in i t i on  1.8 
all a12 a13 
23 a a21 a22 
a31 a32 a33 a13 a23 
I f  t he  e n t r i e s  i n  mat r ix  A a re  complex, then the  conjugate t rans-  
pose of A, (ACT), i s  the  transpose of A wi th  the  s ign  of t he  
imaginary p a r t  of a l l  e n t r i e s  changed. 
Rule 1.1 Matr ix  Addition 
Matr ix  A i s  added t o  mat r ix  B t o  g ive  t h e  sum, m a t r i x  C y  by 
adding the  a i j  en t ry  t o  t h e  b i j  en t ry  t o  g ive  the  c i j  en t ry  ; that is, 
c;; = a;; + bij. 
only f o r  matrices of the  same dimensions. 
It i s  obvious t h a t  mat r ix  add i t ion  i s  def ined 
AJ - J  
Rule 1.2 Matr ix  Addition 
The d i s t r i b u t i v e  l a w s  hold f o r  mat r ix  addi t ion .  I f  d i s  a scalar 
then 
d(A + B) = dA + dB 
and 
( d l  + d2)A = dlA + d2A. 
Rule 1 .3  Matr ix  M u l t i p l i c a t i o n  
To mul t ip ly  two mat r ices  together  t o  ob ta in  the  t h i r d ;  mul t ip ly  
the  elements of row i of the l e f t  f a c t o r  by corresponding elements 
of column k of the  r i g h t  f a c t o r  and add t o  ob ta in  the  i j  e n t r y  of 
t he  product ,  i . e . ,  i f  AB = C ,  then 
I -  
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m 
c i j  = 7 ain bnj.  
/L 
n=l 
The product AB is  defined only when A has as many columns as B 
has rows. Then AB has as  many rows as A and a s  many columns as 
B.  
Rule 1.4 Matr ix  Mul t ip l i ca t ion  
The d i s t r i b u t i v e  l a w  holds fo r  matrix mul t ip l i ca t ion .  Therefore,  
A(B + C) = AB + AC 
and 
(A + B)D = AD + BD 
whenever the  products a r e  defined. 
Rule 1.5 Matrix Mul t ip l i ca t ion  
The c m u t a t i v e  l a w  AB = BA holds only i n  s p e c i a l  cases ,  but  does 
not  hold i n  genera l .  ---
Def in i t i on  1.9 
I f  X and Y are n x 1 column v e c t o r s ,  and XT and YT the  corresponding 
1 x n row v e c t o r ,  t he  product 
m rn 
+ XnYn X I Y  = Y I X  = xlyl + x2y2 + . . . 
i s  a s c a l a r  c a l l e d  the  s c a l a r  product of X and Y. The r e l a t e d  
quant i ty  
- - - 
XCTY = cycTr> = xlyl + x2y2 + ... + xnyn 
6 3  
I 
I 
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I 
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is called the complex scalar product of X and Y. 
Definition 1.10 
The length, or norm 1x1 , of a vector X # 0 is the positive 
quanity 1x1 = Xc% > 0. 
A vector of unit length is called a unit vector. 
If X = 0, 101 = 0 and X is a null vector. 
Definition 1.11 
2 The matrix A is called idempotent if A = A. 
Definition 1.12 
A matrix A is said to have an inuerse, (AI  or A-'), if AAI = I. 
Definition 1.13 
A matrix A is said to be invertible or nonsingular if it has an 
inverse, singular if it does not. 
Definition 1.14 
T 
Two column vectors X and Y are called orthogonal if X Y = 0; 
complex orthogonal if X Y = 0. CT 
Definition 1.15 
If a matrix X is such that XT = X I ,  then X is orthogonal. 
Definition 1.16 
CT The matrix A is called normal if AACT < A A .  
Definition 1.17 
CT The matrix A is calledhermitian if A = A. 
Definition 1.18 
The matrix A is called unitary if AACT = I, that is if ACT = A I .  
Definition 1.19 
Any transformation of a matrix having the form 
A' = BABI 
n 
\l 
n 
‘7 
I 
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i s  known as a similarity transformation and the 
t r a c e  ( A ‘ )  = t r a c e  (A).  
Def in i t i on  1. 20 
A square matr ix  A has associated wi th  i t  a s c a l a r  quan t i ty  c a l l e d  
the  determinant of the matr ix ,  and is denoted by det(A) o r  IAI .  
det(A) = ) a i j  Vi j  - a i j  Vi j  
‘1 
i=l j=1 
t h  
where Vi j  i s  the cofac tor  of the i j  
Def in i t i on  1.22. 
element of A as defined i n  
Def in i t i on  1. 21 
The determinant of the (n-1) x (n-1) matr ix  obtained from a n x n 
mat r ix  by crossing out the  i row and j column i s  c a l l e d  the 
minor of the 1 J  
t h  t h  
. . t h  
element and i s  indicated by M i j .  
De f in i t i on  1. 22 
The cofac tor  of the ijth element i s  the minor of the  i j  th element 
mul t ip l i ed  by (-1) ; i . e . ,  V i j  = (-1) M i j .  The cofac tor  i s  a 
i+ j i+ j 
signed minor. 
Def in i t i on  1. 23 
The a d j o i n t  of matr ix  A ,  adj(A), i s  the t ranspose of the  mat r ix  
obtained by replacing each term of A by i t s  cofac tor .  
D e f i n i t i o n  1. 24 
The inverse  of A i s  obtained by d iv id ing  each term i n  the ad jo in t  
of A by the determinant of A .  
I ad j (A) A = A-’ = 
/ A I  
APPENDIX B 
NUMERICAL INTEGRATION 23 , 24 
"Numerical integration is a process of computing the value of 
a definite integral from a set of numerical values of the 
integrand. 11 23 
A list of the most commonly used integrating techniques along 
with a short explanation of each is presented in this section. Proofs 
and derivations of the methods given can be found in the references 
listed at the end of this reportin the Selected Bibliography, 
Rectanpular Rule 
When the rectangular rule is used for numerical integration, the 
function is approximated by a a t a i r c o s e  c r v e  made up of a set of 
constant step functions. In graphical terms the area under the curve 
over the interval, At, is assumed to be equal to the area of a 
rectangle. If the interval is very small, this numerical-integration 
scheme is quite good. 
To apply the rectangular rule the derivative of the function, 
an, must be known where an is the value of the integral at time nAt, 
and 
65 
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Newton's Formula 
When Newton's formula i s  used f o r  numerical i n t eg ra t ion ,  the  
funct ion i s  approximated over each i n t e r v a l  by a s u i t a b l e  polynomial. 
Newton formulated the following general  formula f o r  obtaining t h i s  
polynomial : 
to + nnt 2 n 
2 a d t  = A t  nao + - @a0 a - a o -  n - J  t 0
5 
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a0 5 35n4 50n3 + 12n2) -' 6  ' n  2n + - - -  + - -  6 4 3 
6 
LJ a0 
(B-2) + "  ' 7  n-- 6 5 225 n4 + 274 n3 - 6on2) 7 6 3 61 15n + 17n - 4
where 
Aao = a 1  - a. 
A a, = a2 - 2al + a. 
@ a. = a3 - 3a2 + 3al - a. 
2 
3 
4 
@ a. = a4 - 4a3 + 6a2 - 4al + a. 
a n d s o  fo r th .  
By l e t t i n g  fi = 1, 2 ,  ... i n  (B-2) ,  andby neglec t ing  the  terms higher 
than n,  var ious  quadrature formulas can be obtained. 
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L e t t i n g  n = 1 gives the t r apezo id ia l  rule:  
L e t t i n g  n = 2 g ives  Simpson's rule:  
L e t t i n g  n = 6 g ives  Weddle's rule:  
Method of Weivhted Averages 
A good simple method of numerical i n t e g r a t i o n  i s  the  weighted 
average method. This method i s  based upon the  assumption t h a t  a 
func t ion  changes the  same amount i n  the  following i n t e r v a l  as it does 
i n  the  previous i n t e r v a l .  Therefore,  
- 
n- 1 awl - an - an - a 
o r  
- 
n+l - 2an - an-l a 
and the  average 
so t h a t  
03-71 
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Runge-Kutta Method 
The Runge-htta method is essentially a refinement of the 
averaging techniques. 
section on Runge-Kutta methods, and a discussion of how they are derived 
for different order approximations. The most common one is the fourth- 
order approximation. 
Nearly every text on numerical analysis has a 
Consider the differential equation: 
I 
* 
dt = y = f(t,y) 03-91 
with y = yo at t = t . The increment for advancing y is given by 
0 
1 
Ay = - (kl + 2k2 + 2k3 + k ) 6 4 
where 
A t  ki 
k2 = At f(to +-?, yo + 21,  
The new values of t and y at the end of the interval At are 
tl = t +At (B-11) 
0 
Y1 = Yo +LY. (B-12) 
The Runge-Kutta fourth order approximation applied to simultaneous 
equations is as follows. 
If 
(B-13) 
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and 
iY = j ,  = f2 ( t , x ,y )  d t  
then 
l1 + 2 1 ,  A t  kl 
A t  k2 l 2  
k2 = A t  f (t  +-, x +F, yo1 0  2 0 
k3 = A t  f l ( t o  + - 2 Y xo + 2, Yo + 2 ” Y  
l1 = A t  f (t  x 
~ 2 0’ 0’ yo),  
kl I1 l2 = A t  f (t  +?, x 0 2  + -, yo + F), 
2 0  
A t  k2 l 2  
l3 = A t  f (t + -  2 Y xo + 2, Y o  + 2” 2 0  
l4 = A t  f 2 ( t o  + A t ,  x 0 + k3, yo + i3 j .  
The new va lues  of x and y a t  the end of the i n t e r v a l  A t  a r e  
+ A x  x1 = xo 
Y 1  = Yo + AY 
where 
1 
z ( k l  + 2k2 + 2k3 + k4)  
1 
6 1  
Ax = 
Ay = -(1 + 212 + 2 5  + 14).  
(B-16) 
(B-17) 
Milne’ s Method 
Milne’s method is  derived from Newton’s forward i n t e r p o l a t i o n  
formula. Two formulas a r e  used; one f o r  i n t e g r a t i n g  ahead by extra- 
po la t ion ,  and the  o the r  f o r  checking the  ex t rapola ted  value.  The two 
I *  
I 
I 
I 
I 
I 
I 
I 
I 
i 
i 
I 
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formulas are given below. 
(B-18) 
(B- 19) 
The first equation is used to integrate ahead by extrapolation and 
the other is used to check the extrapolated value. 
provides a check on the accuracy of each computation. 
This simple formula 
If the value of 
becomes erratic, and no mistake has been made, then a smaller At is 
in order. 
(B-20) 
APPENDIX C 
ORTHOGONfi MATRIX 
The rotational matrix that transforms the measured velocities 
in the vehicle coordinate system to the inertial coordinate system is 
a proper rotational matrix,and,therefore,is orthogonal. If the 
rotational matrix 
c12 
c22 
‘32 
is orthogonal, then 
2 cl; + c2: + c 31 = 1 
2 
‘12 + ‘22 32 2 + c  = 1  
2 
2 
‘13 + ‘23 33 2 + c  = 1  
2 
2 cl; + cl; + c 13 = 1 
C 2 + C 2 f + C  2 = 1  
21 23 
2 
c + c3; + c33 = 1 31 
are the six normality conditions and 
71 
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+ c  c + c  c = o  ‘11‘21 1 2  22 1 2  23 
+ c  c + c  
‘11‘31 1 2  32 13c33 = 
‘21‘31 22 32 23 33 
11‘12 + ‘21‘22 31 32 
‘11‘13 2 1  23  31 33 
‘12‘13 22 23 32 33 
+ c  c + c  c = o  
+ c  c = o  C 
+ c  c + c  c = o  
+ c  c + c  c = o  
‘31 = ‘12‘23 - ‘13‘22 
‘32 = ‘13‘21 - ‘11‘23 
- 
c33 - c l l c 2 2  - c12c21. 
are the  s i x  or thogonal i ty  condi t ions which must be s a t i s f i e d .  Nine 
o the r  r e l a t ionsh ips  t h a t  must be s a t i s f i e d  may be obtained and are 
- 
‘11 - ‘22‘33 - ‘23‘32 
‘12 - ‘23‘31 - ‘21‘33 
‘13 = ‘21‘32 - ‘22‘31 
- 
‘21 = ‘13‘32 - ‘12‘33 
‘22 - ‘11‘33 - ‘13‘31 
‘23 = ‘12‘31 - ‘11‘32 
- 
APPENDIX D 
COORDINATE SYSTEMS2 
The space-fixed coordinate  system i s  shown i n  Figure D-1. The 
Xs a x i s  l i es  i n  t h e  plane def ined by the  p o l a r  axis of t h e  e a r t h  and t h e  
launching s i t e .  
launch s i te ,  and i s  d i r ec t ed  from t h e  cen te r  of t he  e a r t h  towards t h e  
su r face  near  t he  launch s i t e .  The Zs axis i s  perpendicular  t o  t h e  Xs 
axis, is p a r a l h l  to the aiming azimuth3 and is p o s i t i v e  down range, 
The Ys a x i s  completes a s tandard right-handed coordinate  system. 
Xs axis is  p a r a l l e l  t o  t h e  l o c a l  g r a v i t y  vec to r  a t  t h e  
The vehicle-f ixed coordinate  s y s t e m  i s  shown i n  Figure D-2. The 
erigiz nf this system 5s I n r a t e d  a t  the center  of mass of the  veh ic l e .  
The Xv a x i s  is d i rec t ed  along the  longi tudina l  a x i s  of t he  veh ic l e  and 
is  p o s i t i v e  i n  the  nominal d i r ec t ion  of p o s i t i v e  t h r u s t  acce le ra t ion .  
The Z 
predesignated p o s i t i o n  on the  vehicle .  
s tandard  right-handed coordinate  system. 
a x i s  i s  perpendicular  t o  \ and i s  defined by "Pos i t ion  l", a 
V 
The Yv a x i s  completes a 
73 
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b 
I 
Posi t ior ,  1 
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